Existence and regularity of solutions to optimal
partition problems involving Laplacian eigenvalues

Susanna Terracini

Dipartimento di Matematica “Giuseppe Peano”
Universita di Torino

Joint work with Miguel Ramos and Hugo Tavares
arXiv: 1403.6313 (2014)

Workshop on Nonlinear PDEs
September 7-11 2015

Université Libre de Bruxelles

Susanna Terracini Optimal partition problems



utline

© Optimal partitions involving Dirichlet eigenvalues

© Existence of a quasi-open optimal partitions

© Regular partitions

@ Main result

© Partitions involving the first eigenvalues

@ Remarks on the variational characterization of eigenvalues

@ !deas of the proof

Susanna Terracini Optimal partition problems



Optimal partitions involving Dirichlet eigenvalues
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© Optimal partitions involving Dirichlet eigenvalues
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Optimal partitions involving Dirichlet eigenvalues

A Model Problem

Let Q C RM be a bounded domain. Take m € N and ki, ..., kn € N.
Denote Ay (w) as being the ki—th eigenvalue of (—A, H3(w)).

m
inf{Z)\k,.(w,-) D Wi, wm € Q open sets, wi Nwj =0 Vi ;éj}

i=1
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Optimal partitions involving Dirichlet eigenvalues

Goals:
@ Existence of an optimal partition
@ Regularity of the optimal partition
@ Regularity of associated eigenfunctions
@ Structure of the nodal set
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Optimal partitions involving Dirichlet eigenvalues
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Optimal partitions involving Dirichlet eigenvalues

Optimal Partition Problems

@ Class of admissible sets: A(Q)
e Cost Functional: ¢ : A(Q)" — R

Minimization problem:

inf {®(w1,...,wm) : wi € AQ), wiNw; =0Vi#j}

Applications:
@ monotonicity formulas (Alt-Caffarelli-Friedman);
@ nodal sets of eigenfunctions of Schrodinger operators;

@ characterization of limits of elliptic systems with competitive
interaction;

inverse problems;
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Optimal partitions involving Dirichlet eigenvalues

Optimal Partition Problems

The solvability of

inf {®(w1,...,wm) © wj € A(Q), wiNw;=0Vi#j}

strongly depends on the choice of the class A(Q).

In general, for reasonable classes, such as open sets, such a problem does
not admit a solution = a relaxation is needed.
[Butazzo and Dal Maso (1998)], [Buttazzo and Timofte (2002)]

Reference: The book Variational methods in shape optimization prob/ems
[Bucur and Buttazzo (2005)]
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Existence of a quasi-open o
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© Existence of a quasi-open optimal partitions
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Existence of a quasi-open o

Basics on Sobolev capacity

cap(K,Q) := inf{o|Vu|? : uve H}(R),u>1ae onK} J

@ If a property P(x) holds for all x € E except for the elements of a set
Z of zero capacity, we say that P(x) holds quasi-everywhere on E.

o A subset A C RN is said to be quasi-open (resp. quasi-closed) if for
every € > 0 there exists an open (resp. closed) subset A., such that
cap(A.AA) < e.

@ A function 7: Q — R is said to be quasi-continuous. if for every
€ > 0 there exists a continuous function £.:  — R such that
cap({f # f.}) < e. It is well known that

uniquely defined up to a set of capacity zero.
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Existence of a quasi-open o

~-convergence of sets

For a quasi open A C Q, we define wy as the unique minimizer of the
compliance problem:

inf{/ %IVUszu D u€ HYQ),u=00nAY .
Q

Definition (of weak ~y-convergence)

We say that a sequence (A,), of A weakly y-converges to A if (wa,),
converges weakly in H3(Q) to a function w € H}(Q2) (that we may take
quasi-continuous) such that A= {w > 0}.

Theorem (Compactness)

if Q is bounded, then the weak ~y-convergence on A is sequentially
compact.

Susanna Terracini Optimal partition problems



Existence of a quasi-open o

A general existence result by Bucur, Buttazzo, Henrot

Admissible sets: A(Q) = {w C Q quasi open}.

Theorem (Bucur, Buttazzo, Henrot 1998)

@ ® js monotone nonincreasing with respect to domain inclusion;

o O js y—weakly lower semicontinuous.

Then the problem

inf {®(w1,...,wm): wi CQ quasi-open , cap(w; Nwj) =0 Vi #j}.

admits a solution.

Example:
O(wy, ..., wk) = F( g (w1), -y Ak, (wm)),

with F : R™ — R monotone nondecreasing and lower semicontinuous in
each variable.
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Existence of a quasi

Problems

For a general
D(wr, ...y wm) = F(A(wi), -+, Ak, (Wm)),

(model: ®(wy,...,wy) = Zf-(:l A (wi))
@ Does the optimal partition admit an open representative?
@ What about necessary (extremality) conditions? (needs assumptions
on F)
o first eigenvalues
o higher eigenvalues
e simple eigenvalues
o multiple eigenvalues
@ Approximation and penalization: phase separation for strongly
coupled systems
@ Further regularity of the partition?
e open partitions
e Structure of the nodal set (Federer's reduction and Almgren’s
stratification)

Susanna Terracini Optimal partition problems



Outline

© Regular partitions
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Definition of Regular Partition

An open partition (ws,...,wn) is called regular if:
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Definition of Regular Partition

An open partition (ws,...,wn) is called regular if:
1. denoting T = Q \ U, wj, there holds ##im(I) < N —1;
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Definition of Regular Partition

An open partition (ws,...,wn) is called regular if:
1. denoting T = Q \ U, wj, there holds ##im(I) < N —1;
2. there exists a set R C I, relatively open in I, such that

- R is a collection of hypersurfaces of class C1'%, each one separating
two different elements of the partition;
- Ham(T\R) < N —2.

e
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@ Main result
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Main Result

Define the set of open partitions by

Pm(Q) = {(w1,...,wm) CQ": wj open, wiNw;j =0 i%#j}

b
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Main Result

Define the set of open partitions by
Pm(Q) = {(w1,...,wm) CQ": wj open, wiNw;j =0 i%#j}

and consider the optimal partition problem

inf
(W1 wm) EPm(Q2

)F()\kl(wl),...7)\km(wm)). (1)J

where the cost function: F : (0,00)™ — R is of class C?, and:

F
(F1) gx,- > 0in (RT)™,
(F2) F(X1y.- s Xim1, Xis Xit1 - -y Xm) — +00 as  x; — +o0.
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Main Result

Define the set of open partitions by
Pm(Q) = {(w1,...,wm) CQ": wj open, wiNw;j =0 i%#j}

and consider the optimal partition problem

inf
(W1 wm) EPm(Q2

)F()\kl(wl),...7)\km(wm)). (1)J

where the cost function: F : (0,00)™ — R is of class C?, and:

F
(F1) gx,- > 0in (RT)™,
(F2) F(X1y.- s Xim1, Xis Xit1 - -y Xm) — +00 as  x; — +o0.

The optimal partition problem (1) admits a regular solution
(@1,---,0m) € Pm(Q).

Theorem (Ramos, Tavares, T.) %
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Main Result

Define the set of open partitions by
Pm(Q) = {(w1,...,wm) CQ": wj open, wiNw;j =0 i%#j}

and consider the optimal partition problem

inf
(W1 wm) EPm(Q2

)F()\kl(wl),...7)\km(wm)). (1)J

where the cost function: F : (0,00)™ — R is of class C?, and:

F
(F1) gx,- > 0in (RT)™,
(F2) F(X1y.- s Xim1, Xis Xit1 - -y Xm) — +00 as  x; — +o0.

The optimal partition problem (1) admits a regular solution
(@1,---,0m) € Pm(Q).

Theorem (Ramos, Tavares, T.) %
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Theorem (cont.)

Moreover, for each i = 1,..., m there exists 1 < [; < k; and
- W,..., TJ} eigenfunctions associated to the eigenvalue Ay, (@;);
- coefficients 3}, ..., >0

such that
o @j,...,0j are Lipschitz continuous,

li

e w;=int Z(TJ},F >0

n=1

o Extremality condi-
tion on the regular part of the boundary (Weak Reflection Law):

given xg € R, denoting by w; and w; the two adjacent sets
of the partition at xg,

_ 2
XI;rr)(gZan|V I|m Za’|Vuf )| # 0.

XEW; XGCJJ-
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Example

2-partitions minimizing the sum of kth eigenvalues

Let Q C RV be a bounded domain. Fix k € N.

- \ A
(whwzl)nem(n)( k(wr) + Aw(w2))

with

P2(Q) = {(wl,wg) D wr,w C Q open, w1 Nwy = (Z)} .
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© Partitions involving the first eigenvalues
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General results for any k

@ [Bucur, Buttazzo, Henrot, Adv. Math. Sci. Appl. (1998)]

- existence in the class of quasi-open sets
- 7 and weak ~y—convergence, direct methods

@ [Bourdin, Bucur, Oudet, SIAM J. Sci. Comp. (2009)]

- existence in the class of open sets for N = 2
- penalization with partition of the unity functions
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The case of first eigenvalues

Sum of first eigenvalues: k = 1.

" \ A
(ww;)nem(n)( 1(w1) + Ax(w2))

1st approach
e [Conti, T., Verzini, CVPDE (2005)]
e [Caffarelli, F.H. Lin, J. Sci. Comp. (2007)]
@ [Tavares, T., CVPDE (2012)]

im‘{/(|Vu2 +|Vv[): u,v e H(Q), / u? :/ vi=1u-v
Q Q Q
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Optimal partition problems related to the first eigenvalue

Next we consider some optimal partition problems involving the first
eigenvalue. For any integer m > 0, we define the set of quasi-open
m—partitions of Q as

By ={(wi,...,wm): w; , JwiNwj| =0fori#jand Ujw; CQ}.
Consider the following optimization problems: for any positive real
number p > 1,
. m 1
Lmp = infs, (3 20, (a@)?)?, |

and, for p = 400 we find the limiting problem

Lo i=inf max (\(wi)), J

Bm i=1,...,m

Sense.
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Courant sharpness and deficiency

In some few cases, in order to compute £,,(2), one can

Theorem (B. Helffer, T. Hoffmann-Ostenhof, S. T. Ann. IHP 2009)

If the graph of a minimal partition is bipartite, then it is the nodal
domain of an eigenfunction ;.

Theorem (B. Helffer, T. Hoffmann-Ostenhof, S. T. (2009-10))

The m—th eigenfunction has exactly m nodal domains (i.e. is sharp with
respect to the Courant nodal Theorem) if and only if the associated
nodal m—partition is optimal with respect to the spectral m-th number.

G. Berkolaiko, P. Kuchment and U. Smilanski (2012) proved that
generically the deficiency of nodal domains of the m-th eigenfunction is
equal to the Morse index (in a suitable definition) of the associated '
partition, withe respect to the cost function of the minimal partition
problem.
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Extremality conditions

Our theorem applies to suitable multiples of the eigenfunctions associated
with the optimal partition. More precisely, we proved that

Theorem (Conti, T., Verzini 2005, Helffer, Hoffmann-Ostenhof, T. 2009)

Q Letpe|l,+00) and let (w1, ...,wm) € By be any minimal partition
associated with L, , and let (¢;); be any set of positive
eigenfunctions normalized in L? corresponding to (\1(w;));.

such that the functions u; = a;¢; verify in S, for
every i =1,...,m, the differential inequalities (in the distributional
sense): —Au; < Ai(wj)u; and
—A(ui = 32 b7) = Aa(wi)ui = 355 Ar(wi)y;.

Q Let (&1,...,&n) € By be any minimal partition associated with L,
and let (¢~>,) i be any set of positive eigenfunctions normalized in L?
corresponding to (A1(&;));-

, such that the functions @i; = a;¢; verify in S, for every
i =1,...,m, the differential inequalities (in the distributional sense): o8
—Af],’fﬁmai and —A(D,-—Zj#, LNIJ) ZL’,,,(D,-—Z#,. lNJJ) %
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Regularity of the nodal set and the corresponding

eigenfunctions

As consequence, we have the following result:

Theorem (Conti, T. Verzini 2005, Karakayan, Caffarelli, Lin 2008)

Let (w1, ...,wpy) € By be any minimal partition; then it admits an open,
regular representative. The associate eigenfunctions are Lipschitz and the
Weak Reflection Law holds.
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Stronger results in special cases

2nd approach: eigenfunctions as limiting profiles of solutions to
singularly perturbed systems of competition type

@ [Chang, Lin, Lin Lin, Phys. D (2004)]
@ [Conti, T., Verzini, CVPDE (2005)]
@ [Tavares, T. AIHP (2012)]

—Au = Mgu— Buv?
—Av = pgv — BuPv

u,v € H3(Q), /uzz/vzzl (8>0)
Q Q

Gradient System:

1
Es(u,v) = 5 /Q(\Vu|2 + |VV\2) + g/ﬂuzv2
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Phase Separation as § — 400

The relation between both problems has been underlined in

@ [Noris, Tavares, T., Verzini CPAM (2010)]
@ [Tavares. T. CVPDE (2012)]

which imply (among other things) the following:

Theorem (8 — +00)

Let (ug, vs) be a minimal energy solution: inf > 2y Eg(u, v).
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Phase Separation as § — 400

The relation between both problems has been underlined in

@ [Noris, Tavares, T., Verzini CPAM (2010)]
@ [Tavares. T. CVPDE (2012)]

which imply (among other things) the following:

Theorem (8 — +00)

Let (ug, vs) be a minimal energy solution: inf > 2y Eg(u, v).
Then there exist u, v, Lipschitz continuous, such that

@ ug —u, vg — v in COe ﬁH&,’
u-v=0,so ({u>0}{v>0}) is an open partition;
—Au=Xuin{u>0}, —Av=Av in {v >0},

[:={u=v=0}is, up to a residual set, of class C1*.
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Phase Separation as § — 400

The relation between both problems has been underlined in

@ [Noris, Tavares, T., Verzini CPAM (2010)]
@ [Tavares. T. CVPDE (2012)]

which imply (among other things) the following:

Theorem (8 — +00)

Let (ug, vs) be a minimal energy solution: inf > 2y Eg(u, v).
Then there exist u, v, Lipschitz continuous, such that

@ ug —u, vg — v in COe ﬁH&,’
u-v=0,so ({u>0}{v>0}) is an open partition;
—Au=Xuin{u>0}, —Av=Av in {v >0},

[:={u=v=0}is, up to a residual set, of class C1*.

As 8 — +o0,

f UZ:Ir}fv2=]_ EB(U7 V) - (wl,wzlyefpz(ﬂ) (Al(wl) + >\1 (WZ))
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How about higher eigenvalues?

—Au = \gu — Buv?
—Av = pgv — futv

u,v € H3(Q), /u2:/v2:1
Q Q
JVB—>+00

inf (A A inf () A
neipy@ 2 Hhelen)) or | el F alen)

Reference:
@ [Tavares, T. AIHP (2012)] :
- roughly speaking, one takes the least energy nodal solution of the . 1
system for each 8 > 0.
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Extremality conditions for partitions involving higher

eigenvalues

We would like to attack the optimal partition problem for higher
eigenvalues (k > 2):

L = min <Z /\k(w;)> o I

Introduce the penalized functional:

N - ,um)=/QZ|VU;IQ+ﬂZ\U/I2IUJ|2

i#

with constraints

2 .
/|u,-| =1 Vi=1,---,m.
Q
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As B8 — 400, critical points of Eg converge to pairs of segregated
eigenfunctions.
Main problems:

@ how to define a appropriate critical levels for the penalized
functional?

@ how we derive coefficients for the Weak Reflection Law?

In the caso of partitions for the first eigenvalue, the Weak Reflection Law
is a consequence of the
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Domain variations and the Weak Reflection Law

Assume U minimizes a Lagrangian energy with a pointwise constraint of
the type U(x) € I, for almost every x € Q. Let Y € C§°(Q; RV). Then,
differentiation of the energy with respect to & with

U(x) — U-(x) = U(x 4+ €Y(x)) yields the well known identity

(VY € C5° (2, RN)):

/Q {dY(X)VU(x) - VU(x) — divY(x) [;|VU(X)|2 — F(U(x))] } =0, J

By localizing to a regular bounded w C 2 this implies that, for every
smooth w and V Y € C>(Q; RN)

(%) /w {dY(x)VU(x) -V U(x) — divY(x) BWU(X)V _ F(U(X))} } dx —
/&J {Y(X) - VUX)v(x) - VU(x) — v(x) - Y(x) B|VU(x)|2 = F(U(x))} } do
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Domain variations and the Weak Reflection Law

Q Identity (x) yields the the (whenever the nodal
set is regular enough to integrate on)

@ Choose Y(x) =x — xg and w = B,(x):

o () ~
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Domain variations and the Weak Reflection Law

Q Identity (x) yields the the (whenever the nodal
set is regular enough to integrate on)

@ Choose Y(x) =x — xg and w = B,(x):
Y(x) =x—x
(*) + ( W = B,(Xo) ) —
Two new problems:

@ How to perform a domain variation for higher eigenvalues (in
the case of degenerate eigenvalues).

@ How to weight the eigenfunctions in the appropriate way.
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@ Remarks on the variational characterization of eigenvalues
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Symmetric functions

We say that ¢ € F if
Q ¢ :Sk(R) = Ris Clin Sk(R)\ {0} and

o(M) = o(PTMP) for all M € Sk(R) and P € O(R).

@ Moreover, consider the restriction 1 of ¢ to the space of diagonal
matrices, that is ¢¥(ay, ..., ax) := ¢(diag(ay, . . ., ak)).
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Symmetric functions

We say that ¢ € F if
Q ¢ :Sk(R) = Ris Clin Sk(R)\ {0} and

o(M) = o(PTMP) for all M € Sk(R) and P € O(R).

@ Moreover, consider the restriction 1 of ¢ to the space of diagonal

matrices, that is ¥(ay, ..., ax) := ¢(diag(ay, ..., ax)). Assume
- g%f; > 0 on (RM) for every i = 1,..., k;
- for each i and a1,...,3j-1,3i41,...,ak > 0, we have
1/)(51,..475,',1,3;75#17...,5/()—)-I—OO as a; — +oo.
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Symmetric functions

We say that ¢ € F if
Q ¢ :Sk(R) = Ris Clin Sk(R)\ {0} and

o(M) = o(PTMP) for all M € Sk(R) and P € O(R).

@ Moreover, consider the restriction 1 of ¢ to the space of diagonal

matrices, that is ¥(ay, ..., ax) := ¢(diag(ay, ..., ax)). Assume
- g%f; > 0 on (RM) for every i = 1,..., k;
- for each i and 31,...,3i—1, 3i+1, ..., ak > 0, we have
1/)(51,..475,',1,3;75#17...,5/()—)-I—OO as a; — +oo.
Example:

(M) = (trace(/\/lp))l/p = YP(ar,...,am) = (
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A digression on the variational characterization of

eigenvalues

Given u € H&(Q;Rk), define the k x k symmetric matrix

M(u) = (/Q Vu; - Vu; dX),',j:l,...,k.

Our goal is to minimize

min (i (M) 0= (. w0) € QR . [ g =55

A trivial, but useful, remark is that:

If o € F, then the minimum is achieved in the class of u such that M(u)
is a diagonal matrix.
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In other words, we have
min (o (M) = 0= () [ oy =65 =
Q

min {¢ (M(uv)) : u:(ul,--~,uk),/u;uj:5,-j and /Vu,—~Vuj5,-j}
Q Ja

Now, the Og-invariance of ¢ yields:

If (M) = @(PTMP) for every M € Sk(R) and P € O(R), then

%(D) = 0 for every diagonal matrix D, j # i.
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Extremality conditions

Let u= (uy, - ,ux) € H}(Q;R¥) be a minimizer such that M(u) is a
diagonal matrix; then, there exist Lagrange multipliers (1) and a; > 0
such that:

k
—a,-Au,-:Zu,-juj7 VI.:].,...,/(
Jj=1
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Extremality conditions

Let u= (uy, - ,ux) € H}(Q;R¥) be a minimizer such that M(u) is a
diagonal matrix; then, there exist Lagrange multipliers (1) and a; > 0

such that: ;
—a,-Au,-:Zu,-juj7 VI.:].,...,/(
j=1
with
2= 22 (M) > 0
L0 '

One immediately sees that

M(u) diagonal = (u;j) diagonal. J

Thus, denoting p; = i, we find:

—ajAuj = piuj Vi:l,...,kJ
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Smooth and non symmetric functions

A subtlety is that not all smooth functions of the eigenvalues are smooth
(C') symmetric functions. Good examples are

k

1/p
o(M) = trace(M) = Z)\,- , (M) = (trace(MP))*/P = (Z )\p> .

i=1

But

is only Lipschitz continuous. So, we have found a variational
characterization of the k-th eigenvalue as a minimum (instead of
minmax) of an energy

If the cost function is not smooth, we will approximate it with smooth p'
one, and pass to the limit. b X

8
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Back to the optimal partition problem: the p € F case

Let ¢ € F: Consider the penalized energy

Es(u,v) = <p(/\/l(u))+<p(M(v))+¥ /(uf—k. . .+u,%)g(v12+. . .—|—v,f)g dx
Q

and consider the energy level

cﬂ:inf{EB(u,v):/u;ujdx:/v,-vjdx:é,-j Vi,j},
Q Q
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A general existence result

Given u,v such that [, ujuj = [, viv; = 0jj, there exist @i, v satisfying the
same property and moreover:

o [V Vij= [(VV-Vi;=0 Vi#j

k 2 k ~2 k 2 k ~2 . .
© > iU =iy Ui, Xoimy Vi =20, V7 pointwise.

@ In particular, Eg(ii, V) = Eg(u, v).
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A eral existence result

Given u,v such that [, ujuj = [, viv; = 0jj, there exist @i, v satisfying the
same property and moreover:
o [, Vii;-Vilj= [y V-V, =0 Vi#j
k 2 k ~2 k 2 _ k ~2 . .
@ Y . ur=> . U, > vi=> .,V pointwise.

@ In particular, Eg(ii, V) = Eg(u, v).

Obs 1 &1 = PTu, where P is the diagonalization matrix of M(u) = (o, Vui - Vu;)j;
Obs 2 This justifies the shape of the competition term

g
2

/(u%+-..+ui)%(vf+..-+v3)
Q

Susanna Terracini Optimal partition problems



A general existence result

Theorem (Existence of minimizers for each 8 > 0)

Given B > 0, the infimum cg is attained at ug, vg such that

/ Vuig-Vujgdx = / Vvig:-Vvigdx =0 wheneveri# j.
Q Q

Moreover, for each i we have
K kK o\ lrc k5 \?
—aipAuig =i g Hijpjs — Buip (Ej:l uj,ﬁ) (Ej:l Vj,ﬂ)

a_1 &
K K 2 K 2
—bigAvig = Zj:l vij,8vj,8 — BVi, (Zj:l Vﬁﬁ) (Zj:l Uj%ﬁ)
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A general existence result

Theorem (Existence of minimizers for each 8 > 0)

Given B > 0, the infimum cg is attained at ug, vg such that

/ Vuig-Vujgdx = / Vvig:-Vvigdx =0 wheneveri# j.
Q Q

Moreover, for each i we have
K kK o\ lrc k5 \?
—aipAuig =i g Hijpjs — Buip (Ej:l uj,ﬁ) (Ej:l Vj,ﬂ)

a_1 &
k k 2 k 2
—bipAvip =i ViipVvjs — BVip (Zj:l Vﬁﬁ) (Zj:l Uj%ﬁ)
with
Oy Oy
aip = %(M(Uﬂ))’ big = ag_,(M(Vﬂ))-
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A general existence result

Theorem (Asymptotics as  — +00)

There exists (u, v), Lipschitz continuous, such that, up to a subsequence,
as B — +o0,

(i) ug = u, vg — v in CO(Q) N HY(Q);
(i) ui-v;=0inQVi j,' u,v € ¥(L?), and

/5(2 i)} (Z 2)E dx 0.
(iii) Moreover,

—ailAuj = piv;  inw, ={x€Q:ud+... +ui>0}
— biAv; = v;v; inwv::{XEQ:v12+..‘+v,f>0}

for aj = Iimﬁ aj g, b,' = Iim,g b,'ﬁ, M = |im,3 Kii,p, Vi = |im3 Vii,B- g
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Outline

@ !deas of the proof
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A key tool: Almgren’s monotonicity formula

Transversal to the proofs of existence and regularity. Recall that:

— aiAu; = pju; inwu::{XEQ:uf+...+ui>0},
— biAv; = vjv; inw, ={xeQ:vi+...+v>0}

Define:

k

1

E(xo, (u,v),r) = TN—2 E /B( : (a;|Vu,'|2 + bi|Vvi|* = piu? — viv?) dx
i=1 r( X0

k
1
H(xp, (u,v), r) = — / (aju? + bjv?) do
T2 o
and the Almgren’s quotient by

N(xo, (u,v),r) =
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A key tool: Almgren’s monotonicity formula

Theorem (Almgren's Monotonicity Formula)

Given Q) € Q, there exists ¥ > 0 such that for every x, € 2 and r € (0, 7]

d

pp N(xo, (u,v),r) > —2Cr (N(xo, (u,v),r)+1).

In particular,

° ech(N(xo, (u,v),r)+1) is a non decreasing function;

o N(xo,(u,v),0") :=lim, o+ N(xo, (u, V), r) exists and is finite.
Furthermore,

% log(H(xo, (u, v), r)) = %N(XQ, (u,v),r) Vr € (0, 7).
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A key tool: Almgren’s monotonicity formula

(and Local PohoZaev—type identities)

It is essential in several points:
e Liouville type theorems (a priori bounds);
@ u, v are Lipschitz continuous;
o the nodal set I'(, ) = {x € Q: u;(x) = vj(x) = 0 Vi} (which
corresponds to the common boundary of the sets of the partition)
has empty interior

@ convergence of blowup sequences, and characterization of its
possible limits

a priori characterization of the regular and singular parts of ', ).
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A key tool: Almgren’s monotonicity formula

(and Local PohoZaev—type identities)

It is essential in several points:
e Liouville type theorems (a priori bounds);
@ u, v are Lipschitz continuous;
o the nodal set I'(, ) = {x € Q: u;(x) = vj(x) = 0 Vi} (which
corresponds to the common boundary of the sets of the partition)
has empty interior

@ convergence of blowup sequences, and characterization of its
possible limits

@ a priori characterization of the regular and singular parts of ', ).

It is associated to the variational structure of the problem.

Susanna Terracini Optimal partition problems



Regularity of the free boundary

General situation:
@ u, v are Lipschitz continuous in Q, u; - v =0Vi,j;
Define

Cuv) =X €Q: ui(x) =vi(x) =0, Vi=1,...,k}.

e In Q,
—ajAu; = Nuj — M;  — bjAv; = pivi — Ni;

with M, and N/; are measures concentrated on [ (u,v)-
@ Almgren's monotonicity formula (local Pohozaev-type identity)

Recall that the goal is:

The nodal set T, .y splits in Ry,v) U Su,v), with
® Ry, is locally a ClL@—hypersurface %
° %im(‘s(u,v)) <N-2 Z
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Regularity of the free boundary

Compactness of blowup sequences

Take some sequences x, — xp € Q, t, — 07. We define a blowup
sequence by

ui(xn + tpx) Vi(xn + tax) . Q — x,
U,'7,,(X) = 9 Vi,n(X) = —— 1In Qn =
Pn Pn ty
where we have normalized using the quantity
1K
P% = H(Xﬂz(uzv)vtﬂ) = N—1 Z/ (a,-u,-2+b,-v,-2)do
th i—1 Y 9Bt, (xn)
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Regularity of the free boundary

Compactness of blowup sequences

Take some sequences x, — xp € Q, t, — 07. We define a blowup
sequence by

ui(xn + tpx) Vi(xn + tax) . Q — x,
U,'7,,(X) = 9 Vi,n(X) = —— 1In Qn =
Pn Pn ty
where we have normalized using the quantity
1K
P% = H(Xﬂz(uzv)vtﬂ) = N—1 Z/ (a,-u,-2+b,-v,-2)do
th i—1 Y 9Bt, (xn)

Theorem (convergence to a blowup limit)

(tns va) = (8,7)  in G (RM) N Hige(RY).

loc
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Regularity of the free boundary

Regular and Singular part

As u, v are Lipschitz continuous, one can check that
N(x, (u,v),0") > 1, Vx € Ty,

We use the Almgren's quotient to characterize a priori the regular and
singular parts of the nodal set.
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Regularity of the free boundary

Regular and Singular part

As u, v are Lipschitz continuous, one can check that
N(x, (u,v),0") > 1, Vx € Ty,

We use the Almgren's quotient to characterize a priori the regular and
singular parts of the nodal set.

Definition

We split the nodal set I'(, ) into the following two sets:
Ruwy ={x € Ty + N(x, (u,v),07) =1}

and
Sy = {x €T+ N(x,(u, v),07) > 1}.
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Regular part of the free boundary

o If N(xo, (u,v),07) =1, then one considers a blowup limit (7, V).
There are two cases:
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Regular part of the free boundary

o If N(xo, (u,v),07) =1, then one considers a blowup limit (7, V).
There are two cases:
o if either 1 =0 or ¥ =0, then we can prove that u =0 or v =0 for
x ~ xo (Clean-Up)
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Regular part of the free boundary

o If N(xo, (u,v),07) =1, then one considers a blowup limit (7, V).
There are two cases:
o if either 1 =0 or ¥ =0, then we can prove that u =0 or v =0 for
x ~ xo (Clean-Up)
o both &1, # 0, and '57) is an hyperplane,

o= ai(x-v)", vi=Bi(x-v)” in R".
Furthermore,

k K
Za,“v[],“z = Z bi|V¥i|* on the common boundary {x - v = 0}

i=1 i=1

and so

B 1/2 B 1/2
<Z a,-D,?) — <Z b,-V,-2> is harmonic.
i=1 i=1
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Regular part of the free boundary

o If N(xo, (u,v),07) =1, then one considers a blowup limit (7, V).
There are two cases:
o if either 1 =0 or ¥ =0, then we can prove that u =0 or v =0 for
x ~ xo (Clean-Up)
o both &1, # 0, and '57) is an hyperplane,

o= ai(x-v)", vi=Bi(x-v)” in R

Furthermore,

k K
Za,“v[],“z = Z bi|V¥i|* on the common boundary {x - v = 0}

i=1 i=1

and so
B 1/2 B 1/2
<Z a,-D,?) — <Z b,-V,-2> is harmonic.
i=1 i=1

The question now is to know how to bring this to (u, v) at xo.
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Regularity of the free boundary

The set R is locally a regular hypersurface (following Caffarelli and Lin)

The key is to study the vector:

U(x) = U(x) . (varui(x), ..., vakuk(x))
U Varud(x) + ...+ aku(x)

o Intuitively: U(xp) = S:Zgggl on the nodal set ()
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Actually, we can extend U(x) up to () in a C%* way:

@ Prove that (wlog) u; > 0 somewhere near each xp € I'(,,.y;

e We can rewrite, for x & I'¢, ),
(VT VBE(X). ., VAR E(x))

\/31 + a (%(X))z ot a (Z—:(X))2

@ Prove a generalization of the Boundary Harnack Principle of
[Jerison, Kenig, Adv. Math (1982)], showing that each { is C® up
to the boundary

U(x) =
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Actually, we can extend U(x) up to () in a C%* way:

@ Prove that (wlog) u; > 0 somewhere near each xp € I'(,,.y;

e We can rewrite, for x & I'¢, ),
(VT VBE(X). ., VAR E(x))

\/31 + a (%(X))z ot a (Z—:(X))2

@ Prove a generalization of the Boundary Harnack Principle of
[Jerison, Kenig, Adv. Math (1982)], showing that each { is C® up
to the boundary

U(x) =

Now,
o More Rigorously: U(xo) = %

where T is any blowup
of u at xo (X3
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Regularity of the free boundary

The set R is locally a regular hypersurface

Localize things at xg € R:

Definition

Given xp € I' we define

Uy, (X) =U(x0) - U(x), v (x) = V(x0) - V(x).

b
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Regularity of the free boundary

The set R is locally a regular hypersurface

Localize things at xg € R:

Definition

Given xp € I' we define

Uy, (X) =U(x0) - U(x), v (x) = V(x0) - V(x).

When we zoom in at xg, Uy, (x) — vy, (X) is close to an harmonic
function whose nodal set is a hyperplane.

b
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Regularity of the free boundary

The set R is locally a regular hypersurface

Localize things at xg € R:

Definition

Given xp € I' we define

Uy, (X) =U(x0) - U(x), v (x) = V(x0) - V(x).

When we zoom in at xg, Uy, (x) — vy, (X) is close to an harmonic
function whose nodal set is a hyperplane.

These new functions satisfy the following:

There exist positive Radon measures M, NXD, both concentrated on T,
such that

K K -

i Vi -

—Auy, = E %UI(XO)Ui — My, —Avy = E Evi(XO)Vi — Ne. %
i=1 7
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Regularity of the free boundary

The set R is locally a regular hypersurface

Let 1,,,r, for each small r > 0, be the solution of

{Aww = ) Bilh(xo)u — Sy EVi(x0)vi in Br(xo)

Uo,r = Uxy — Vi on aBr(Xo).

Proposition

There exists
v(xo) = rh—% Vb r(x0)-

Moreover, v(xo) # 0 and the map T — RN, xo — v(xo) is Holder
continuous of order c.
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Regularity of the free boundary

The set R is locally a regular hypersurface

Theorem

The map

UG = IVC)| = a1 + .+ a2 — [ + ..+ bi?
is differentiable at each xo € R(y,v), with
V(U] = [V]) (%) = v(x0).- (3)

In particular, the set R,y is locally a C La_pypersurface, for some
a € (0,1).
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