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LES FONCTIONS RECURSIVES

La/ \'&e/om'c. des mebionn ne/a-vusa'vm Ayl Ae’\nfowcle. dars
/QM Muc/w 30/ Amibe  am 6«.\6‘\0\4)( bem’ou\.wu. o!'fmc.gmrfa.»alb
o!._ G:le}.. E"t ML /lurn'olc.ww)" J.c,ve.vuu» X'.«v\ des 34%4‘4
cLAP.’L«w de  fa Ioau'a’up ma“&c’m«al—:\'ut/ Was MJ.OAMJ'l\M\'
JL& omify  Sa p?atc. em u‘«*omwa.h\‘u “&c/o,\h‘w. Les an/{’-‘opu
oniainmx de p\'ohvu'm (G:id_/ Cl\M'\.J\./TM'l\.\'\z ) ROSJM./
Kleewne o Pasl’) Aoml Nepavs darmas Q'MM.E.a.‘._ de M. Daver :
The Undeecdab e (Ravem Pm.ss, N)’).

Lm @omc,\'v'aM I'lceuas;vw AOML (r)an. J:{a.m'.hc;»-\) /eu ‘GPOM(:"\BMS
CJO-.JJ:IM ‘"m. MAn Jaon;t&m; :

3 ———> algenithme f—> F(o0)

Une J-:{"fn.ct;m lau/c"sc- des gc.mcl'-'on& netmasives necemile dome
A A'{%l'n'-h'om pm.’u'sv de fu mebiom J'Jam;d\vw_,

Um Jaoaiu\wu. ol o emsemdle ‘gv\w’ de n;y{m de CJm—e/ cen
derniows o\frwo(m«k de da mithode A cdol choisie, p-ex

w\c’.H‘th de clend af)of\;u\m
Papfu-t— Crnyom R.l:%m Ae Glond em Fam;u}:
WAOKU.‘N" llZa&o da gomci-iov\new\u-}’
ondcmalenn pregramamme

Ume Jol,rgi;u\;h'om ‘;M’t\iu do da mebiom  dialyonitlme Jv.f»wv{
dome da clo{x d' amama /wu,.&eolt da C»Qo“i 0y J'm JMO\(\Q.—
biom palese do cdla- oo, Diffdember miliode & cled onl
‘el ‘)40|o;o/m ¢ vwachiwes 4o TM.(\'«),/ A)volimn Ao Rm‘f/ A calbend
Ae Cka&/ Jam'\d\wm de Mm‘!ov/ vei v Om o P~ wombner
Gpa bomlen ces mithodes Aoml élt‘un'vuemlrm s efles «q?omm'aum}

. ’ . . .
Xw w?mu gomc\--om Recwsives . Celles-cc AO\vovAf Adormec avoin
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AM PAOFR;LLV; lMo‘!.,r;wolM}'M o‘e fn. M\:”\oo(c, Jc.. cJaao, Cr. do/-vL (47
Pl\orﬁaé aVM' {cmk I'objo’f alc fa. H\t/om'o. olm {OMGL;OM lleéwmivm.
EM (48 ‘VM' Comtenwne Iw M\{.H\giu At. cJuJ— ,,Uu,-m’.‘u.u/ pn.l;ncipa.—

fevaenk Les Mﬂ&bp\u'nw de Tng oA les MAJ\{MM a luén’ahw/jc Com -
seille Jr Livaes AM{vm/LA'.

M.Mimsky : Comr»\w""o«: Finite amd n'nf\':nﬂ'c. madhimer (Prembice-Hall)
N. Cubland: Compu\m&i?.’l-/: Am imboduchom o recursive guth'on the-
ony (Cmbm'o(a» U/m'vms;l/ Prus.%).

A. Nolioms de base .

SA;E\oosoM Gue Mosms A(Sr)oSoM drmme  molion rn.u’:-kc J'«.Pao-
Mrhwae
AVtc j S‘\owgl'vj.ot H ,Dtan.u.s o% UMove&;p.‘ly (No'\.w\'Ho”mpU)
noams arp%om erpace boa L WSuMJLeL X bt e
(4) Xc A* porar mm centainm alplu.l—a" ‘g\'vw' (wsewk&. —gv&u’ de
A\.amw) A/ om A* clu/uyu- Lemsanble do mobta (Amites {C—
nivs de AthM)Am A ;
(®) X wl W’E‘M" ;
(3) om pm‘— olc.’dclm por amm aveaom'tpwu. A . wo b de A* op-
r;M)'nqu om mon a X,
Voicw omelapmes emeem:
() N (Q'wsw‘,& der mowabaes m«kwwﬂ») ol mm vipace:
IN= A" pomn Azia}.
(2) A< X,V soml du erpaces , oadorsn XxY el 4 vpace :
seil Xc A* Yec B, x4 AuB,
adonr XxV = §xxy|xeX,yeY} e (AvBuix})
(3) Ac X ol am vpece, odonn X*w(- Mrn pace b
st Xe A*, % ¢ A,
adons  X¥: fox %, %..%x | meN, x.eX}c (Au{aq)*:
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F
Unu. SOM(‘«L;OM X —_ )’ (ou: X,Y/),ML des “f"‘“”) el A.’l._
R{WS;VL Ad exishe aam a!aoazwmn. qme colande F(>) [oarn
cl\aa‘u; x€X.,

Exemples : INx N>N, NxIN—>IN,
X—-—-)X Xx)'-f—'-':-’-*x X x}'-ﬁ—-’é Y
X —-—'>|N (o“ £ amouie a chaque Amibe élhl(— An '?ona»m),
Lo Commpositiom de dewx ‘gamolr\ous néamsives .

UM!— lo\)u—hom X-E'? )’ "!ﬂk qpr F A Fﬂ'1 AoﬂJ’ R!&Aﬂ!l.\/%

ML A"eet,'- ;39“‘\0'\?!\;;“&!—.

T‘»\eom.vwe_ o\'isaman. e.isme. t boan Lo wspacer somlb Somoaphes,
P P

Cela Arnlle des ‘eewww /.\M(W»J’A H

F
Lumnn-‘! . Lo»iw L'\)'gc‘-“om /Lt/aw\sn'vc. IN —> X el s uowaxrzi.(wu—.

—————

E\'\ C”'J'/ vertd  Avm wlaulu\m 'oMA— F-1 H /c.\'m)' alou\u./ xéx/ cal-
(Mem- AMcuvar.war F(O)/ F(‘I)/ j"""\f*": e qulem oblienwe F(‘!\)Sx.

Lewwus 2: posnr boak- JPLJ’J (non vide ) A/ A* uwl howoml}d. ~ IN.

Eweffel, & exibe am alyenithwme gui Enmwmine Ao mabs de A
Maivantk fears Xov\a,«w/ cemnx de wmatwar XomaMM AW BpY YA
ch't-a.\..,ﬂ. .‘M.,\...,.Jr Cee dowme Lijgchbm nwnsive de IN
Amn A , M b oum \Somo.\,}‘uu por L Lemwme 2.

Lcw\wt- 3. "oM\' SOM-Whﬁl'.L ol-— lN el l}o\m&»ﬁ; : ‘N

E~ tﬂd—, sl X aam Aoms - erpace da N . It exvsld s da.a;t'im
cvuu‘ c/\wum\vu -Qo» uc./wwmb: da X AMt'wa- f'onofm. M..lm.uQ/, Ce apan



AoM‘b\b MM ll')'cu'n'o:w R.e,amo:vc de IN pun X,

’

Pn.wvo o!M- Hd./oac\—mp A'Momotmz\bsm\c— : maaMLn.am Mm Lpace

V“’Q““"“““" Xe A* b fSoMoA_';LJ- & IN. Par Lo Lemme z, A% wlb
l.}omortr‘.v Py |N ), dome x vl l}awonr}LL & M Joans - vipace de IN/
Aomc a N rm. I Lemame 3.

F
Exeacice : lomle Lz)'e.cl'.'om ndeunsive X—>Y el am &:omonrz(amc.

La Jomction connclenishame dhlam posris - tseanble B dramm wpace
X \:n" 4&» jOMcl‘"OM X“E'>‘N A.é{}fﬂst'c— (ovame /JMi[’ H
F(x) =(O0 s x%E y
54 s x € E.
Um 2040 - omreandle d'anm vpace b dil ru,own;v'é XOM"ML Ao

$OMCL;OM cmcL&ish'o‘Mc_ wl Adumgive .

ol Nomn-mseamble Limi drmn mrpace el nfaM;.‘(—.

LM Aoy - ems ema b,y Ile/om.ﬁga a'zw{;mc'n A'aw erpace coimer deh
avee Lon Noas - apacer de el erpace.

E\'\{vk/ A 'tévsm'oaa, Dronbemecliom om Ao A?Hu/\-wct e blisle
de demwx emsembles /Lt/owu'oga (dars avn meme Opace) ol mcone un
emsernb n.:fmsi@ . Ew pmk.'bw?.b\/ EcX ol ac’m;;g AN Aem
Compev.’mw)r X-E l'u&.

. L'(A\oacc der o.lxm{mw\u.

Soik AQB(X/Y) P emsewmble des J.aea'.u.w\w qmi A'anf"c‘»w} arnx
Wmeds Ao X & formmnissenk am nbnblel dams Y oom s ndudbk
i'mu.\vmw\iué (c; e oive ‘?"M“”’" Ko ekl 4c Fom;”.i" fhol{(.'uimvwl’).
Om mole [T]() Re adadber da calad gutcl»u’ per I'Jaom'u\mt
I -Iomavn'om X'urrﬂ&’1»- a %, fomn T € A?é(X,)’) J xéX,
om o dome [IJ00re Y om [T]0)=? (¢4 [I](x) indibeamine),



NOM Novawen a.g;n»t.' ‘,wmé Py ,ML-'pl:tv\. 1‘\- Mokc‘om de g:mel‘u'om
o

EMH:N: X—E->Y os F mrel Mrroac,( dilenminde e sar
mn Aoms - emsenble de X wotd dom (F) (b dommavan do F),
Fowt. cvilen bombe  com Mt;ns/ )'Ma.zn. de clle mobiom sern lom-
jwww sk ionnd exp?»’tv"w.wow‘" . B ‘(OMVAV domn (F): x/ moans
whilsoms Le beame de {omcl-'om onm de ‘%Mf_l-'o& belbule.

NOM ‘)o»VoM MAC\»\mejf ;»LQMAA'C' 4?& Ma‘n-om Ao.. {omc 1oAN R{CM-
MVe amXx 'gomc’n'om r)wtlhpfu X—F’s Y :
Fol rdamsive <> F=[11 poave sm L e A(’CX,)’).

Quille gpe goil L mebiom didyenithime mbilisl | Aly(X,Y)

\/6\;*\'«- den PA.PA;:-LI;O Amivanle

(A) A@}(X,)’) ul mm orpace

(2) 4a -X.Mct.'om parkielle de A?a(x ,Y) x X daws Y
%Vc/m" (I,:c) Aan EI](x) ol adunsive,

(en tMo‘M;:_Léx ;N\!\YII‘1M.O~\1’ iwam edial emaent 2' exvabemce e
{oMcL(oM ?M"J&, rte/w'\.s(w, ,uvu'vusc.e?v. N x X —g—> )’F/
c-a-d belle s chaqpe {amc o ponkiclle nrémngive X—>Y
r,m'su s methe sorn b foame F(x) = Um, ) | ars
motmr mma valewr de m, I€ 4»{&2‘— e W de peser
U(M,x) = [Im] (7‘-)/ o m> I ol o I'Somomlﬁ(su de
IN sun Aly (X)Y).

On, J m'cx'm\c.. Y)M Jc. ‘%omcl"io» "o‘ra‘pc_ R.t/auwa'vz. MML.VWC‘I‘[L.
Ev\ twl Am||esoms qmue T(M/x) e Ao:L‘ Ame M A UNE X:‘/:lN
((g Con Am“.’t’ 342&; O "l\f.éac\_w- o\'fstzmcar‘a-'/)m). IC M
GROM G‘Mb T(?L,X)-‘i"\ = T(M,?C) ‘OM JIVIN CCA—LAEN\ ~m J'ow\\ eq,
combradichionm 2 T(M,M)+4 = T(M,M).

Ce M/Auklﬂj/ Mt,a&L\'e ‘\NY)a.vu— /?M o\wx /)M\'\u»«zb) (VA\ (XP‘PL'-
q,uc,er POM'V““" om wne r)cM.L per Ae f.hcl-u AanX ‘{ond’vé»\s l’o"ulUs>:



(A) SZIE Aes(X,Y) [ [I] o) tobade] mral per am Orpace .
(Amom U exialiai b am fsouoq}-’,cm mr— I A IN pan
cel pace b aloan T(M,?t) = [IM](:‘) Al ame gomctfoh
Yolale nc/cwns{vc M\u'vmc."e.)

(‘L) s¢ U ol ame ’:GMCL;OM FM";&‘&. /I.!.Zwtn'vc ,u\u'VtAStML/ alons
dom (V) mral par nc’mM(g.,

(Amom Qo domeliom smcvante
T(m,x) = ¢ Uln,x) AL (m,x) € dom (U),
{M“ Umenk 'gl'xc. de Y Almom

/)u.it MM omebiom LQLQL R{mo\s{w. Mus‘vuhwc)

. Elwsvw\uu n{wivew\u\k ém..wfn.J,tu.

Um emsemble Ec X ol Al Reounsivemenh Eanmirable (RE)

. . . . . / .
/A'J mL Vnole. O A~ A'J f,xu,'m AANE McL-oM \"ouc. tetunitve

IN =5 X bfle que E = im(F) (Dimage & Fcid {F(w)neNg),
Ma'.«.ci car om dib qare F dnumire néwmsivemenkt E.
Toml emsermble néamasif el RE.

Ew ) s E bl oam Noas - trienmble n,t.’w«,;-'g Mmown v.'olg o N,
doms KX oV Q’Mggs p ' ‘eoMcLioM Fobale Rcmnsive IN —-—F-.-9IN
Av MEE/

AM\'VMLL ' F(M) =( Mm
{M :,QQ(MM ‘(l')lt de E Atmonw .

¢ b oead'c pme AL X‘f—)y et lolale /lt/a—m}l've./ alons I’dmaac.
or F diam Sors-emsemble RE doe X ool am soans - emsem o
RE de V. Enm pml\'fwv?\'m/ Lo YA-)'chiam drmm emsemble RE el RE

Xx)




Lr. afmrﬂ«- Aranmn %GMC.L;OM le.’e“c_ X—E-)Y b b Sesns - emsenble

Gr(F) de XxVY {mtwu-l der Complen (x,4) bebs quue Flxy=y..

Noams alloms mmombaen GM 4 gomcl-.}m fwv(’.'e?& ol rdounsive SSC

Aomn gfmpac- wl RE: 0

() A G bamming Recumsivemenh G(F), aloas Lo calnd ssmecessif
de G(o), G(1), ... fomu{l— Mm Jaw\;w\w\& [oamve F.

@) ¢ F=[I1, doms GnlF) b mme pasjection do Pomsemble
M’Wv" §0c,9,m) [ (1] =y oF I cdade Y & partia de 2 em meing

JcM aqpm}.

CoM\lMc Ic domatame el P'f/m?t a",WM— %‘M‘—L\"’M r""—htu'— /-"M"
‘?m ‘onojecLCoM Ade Aom %MPR.,/ om voil e Le domatne ol
X'(}\M&)L J'AMM-— &MCLI.OM pwvf‘r'zm Iu./Ow\n'vc, /)oML RE .

Ew \a;b'w(’.u, P;M 19) n.e./t:uutsfvc, M‘v\c'VMSeMc./ dom(U) el am
emsendle RE mom n{cwwig-.

P"' PQA&A S

Len Aoas - emsemdfen RE de X coimcidend avee Des Aoma trens
des 4? mchioms pw\}:ﬂu Ilcfau.sfvu de X dams IN,

En effb , 4 E b sum poms-emsemble RE de X, aforr il ol
b domnime de fn fomchiom parkiclls néounsive X >IN Al
—gﬁm}. Comme Amit F(sc)=i4 Al %€E,

? Avmon ,
(AC o o~||JL. celte a&omch'om Ao gomcl‘\bm AO.M&'—CM&tLL,m':'ﬁ,MQ_
de E/ own v.aiL Qpr Taam w.wa:Qg_ vl RE S50 4a xomohbu\ Semi-

CMA.;_LJA{S\‘.E\M-. ol ru./cunsfvc,).

El emcone ¢

Lea Aom-mw!}(m RE de X commerdemk avee fen p:\o)'ecln'om Aase
X der poas—emsen e, ne/owuigd de Nx X,

Cla nyadle de La o\i{t‘m("fom o\m‘ evsembler RE o da f«}‘» qare '

gt\nr‘e«. o"awwu ‘¥0Mclio~\ \--LJ» n.c’c.w;/;ive mL m.’cu.ouc‘{:




Lou Ile,/umc'o» om ‘e'l}v\LMAchfoM de denx emsernlles RE esl em—
(one KE, MMav Ir— Compec’m\wij"‘E At ersenm bl RE
ECX m'wl RE me AL E ol nc’msiﬁ.

Ew . ' !

C’t)/\t: E\,Fz /.\oA\A’ IIMPLC"c'VWuJ’alM (j\xnh{/\nﬁibm Iu/cwu".—
vor de EA,E),/ alonr fa gomd"-'ozu F sucvambe ot e
é"\nwétal{om ILC,GW\ni/L aln- EAU Ez:

F(m) = El(%) A m ool pain,
FZ (ﬁ“—i':i> A m ol |'\MPM'4,.

(2) At E,‘/ Ez Nomk /lupeth'volM&er‘ «?w domaimes o(w {GMC—-
Fiomns pcw('o'c,@&» né€eusives F,,Fy, aleass E,NE, ool G
dommaine de fa fomch'om FM)M,M recunsive Fim)= (a(m)/ 5(«)},

(%)/)C F/G Aomﬂf wpcch(remowlf Aes O\/AMMV/\_GJT&M fleéwnfv'wo
A'v E I X"E cueo'v) Lo cdowe A cecem é(l— F(O)/G(o)/

F("), 6(4)/ .../ YT o A ﬂf(‘aﬂm'tﬁmt_ poarn Lo ‘{omc—
Foom CM&cl«.’m'sh'a‘Ma, de E.

EXMC:'ccA:QAC E,, EZ Homl- ’I{CAM“.%’ (resp. RE) , alons de E,
el n.eamsig (nesp. RE).
0si U ol ndowmwive mniveaselle , oloas W= dom (U) ek

RE mncvensel ( chaque RE e} de o %on.wn— va\.: $2|(m,x)e W}):

——

o = - o

L

L}

]

:

'

:
~m

) ) / . i
o L mrexisle pos d'eomsenble ruwuwg smnivensel .



b Trmdices.

SM"\OOAOMA {\'xg’ M ’lemonr;L(Aw\v M —> IM de N Aumn
Al (INGIN) P dibimmsLiom ¢ .

% Em](h)= fa rLML)A‘\cL.'oM de [IM] « IN (m,kelN) k> 4 );

[m] = [m]™

I ot clain que Oa Amile ['o](k) [4]“‘1 e [m](h), cer b ame
C,MMMMWM de bomler des fomelionn PML\Q(M Rclauv)l'vw de
‘Nh darms IN . LoMa\Mc. F- [M](b om dil que M wl amm mdice
de F (1»“' o méeomairement ume &h{fm;l'!—’ o\'l'mal\'cw/ PMI‘JVA'J
y o mme imfimibd dialyonithmer qui calonbok F).

Th!/OI\EW\C de pMAM:L’\;S&hoM Y ¢ exisle Ame {,omcl.‘om ‘-ol'aec
réansive S telbe gue pormn boak m,x,Y4 € IN :

Em‘.lm(vc,a) = [Stx)]ey).

Cdo w’iwﬂl; A ?'exf.slwcz. diame  domecliom Folade '(e/own.s(vg
T hQ(’o. e T(I,'x.) ol s daonil‘e\\m; q,uu.' co-?ow&. ‘eo\.’
{omchom rM'n':”b 4 —> [I)(ot,,‘a).

(f,_ b&{uéw... de Mum’chu‘sul—iom A v’wé\.uo-‘/u. iLu'?o.me/

por exemple: 1Pk, g,2, ) = (S, 1 %2, )).
!o/toqea.t'f\b'. \)oMA. ‘m/&-‘rv %Mchom PM“(% I(_c.lcwtsfvo. F(Jt,‘a,)
(Af— dew |N> 'J CX\}Jk s gcmcl;om "°L&!-b fle’cu.fc.m.'ve,
T() (de IN dams IN) befle que (pomn Foark x4 €N)

Fx,yy = [Teoly)y.

T‘f\t/o'l:wz_ dan ?obnt‘ f(xz. CKQ«M:.): poan bomlbe ’Gomcl—.'om
‘0\"“‘&(— m.’mufvc T(ac)' (Jc. N dama lN) \i (x\'Alo, AAN. N hQ o\uc..

fm] = [Tw)] .

E\'\ o%gf)r/ ()M ,Pc, Coqowau.'a; ?Ae/cc,olf/w" J exmt'e A {OMCL;OM.



Yolade necwmive [ml belle aque [T(Dx1G0)](y) = [IM101(y) e+ 4
1 d 3
uﬂ\« de premdre M= M1 (m).

Colloqem'.n.b Poun- bomle {omctnpm \omlune mmswv. F(’C,‘a) (At |N
dors N L exinle sum n bl que (pomn boml ‘aé'N)
FOn,9) = Dy

Ewn '.*BJ—/ F(X,b [T("C)]( y (Conollacne Paec;’dw(:) e AM’H-‘-
de pnemb.c. n Jrae [n] [T(ny] .

T‘n/cm:me. de Rice : AC E= {nelN ‘D\] €€$ (cmt € ol s emsemble
qMJCOMG‘ML) et ac E el diskimel de c;b 4 de IN/ ofony E m'esf
pos mfmig.
Sl’nov\/ em choisissand a€IN~E o L€ E, da fomclu‘oru bolate
nc’aMSiw_

T(x)=(a 4 x€E,

{3 AL X E N‘E,

viallimal x€E &> T(x)4E , c-<-d [x]1€ € &> [Teo] 4 €,
Ce guv @b absande pomr [n]= CT(W].

C& ‘&(’OA;MG OMILM;L AAMN ymml V\OW\L'\.Q. A‘CXWA‘O‘QM J'WSC.HLQ'A
mown ne.’mi{a 2 $n| ] wb bolaled (déje wv(saac./ f"m $2), Lremmsemble
de bomns ofw imdicor dlame wmewme  Jomeliom thxm m’amsiw. (r. ex. p'cm-

,SQW\\D&. AG- LOM Qm \:NsAc‘cm o\t 20. {omcl\'ov\ COMSLMLL hmk(c )) {Y\ \ [y\] (0): o}, PPN

Exencice 1 tlemdae 4o Huon.cwu. e Rice am cas om

E= {(mmw)eIN'| (Im1,In1)e€}.
Rﬁwﬂﬂkt: PMfS‘ub CLuﬁms tht RE ols IN vl A; ‘?0. {OAWL

WM-: olom([h]), om veil qme {v\' n¢W“} neol pos RE/ dome
qare {h lw €W, } (g b RE) nral pos Rt’(ua.d({.
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5 . Fomcli o Re/owvs cves pm'm.' ‘ﬂ'vu .

Hl))lon;l‘utmuv\", Les rmew«'u‘/t.u gomcl,;.om néunm ives quas a"wnwﬁ’
Aomt Qs '{omc‘v\'om n.c/wuwm'vw !on.a'm;lv-'vu (_&f)/ Aclimies Comme samits
ce somb {in {o:nclr"em boboder nECurrives (de IN kelcuwx lN)qM'eu pemt
oblenin & ?MHA. des '%gmcl.'om de fase x—> 0, x —> x+1 b
(%) X ) —> Xy (fen ‘M-)'ecl.‘oam) A Lacde des Paimcfpw de Com-
Paoi‘w’«m A de rE€mmasiom Amcvamba:

Le guhcn"pe de Ccmpo/)\"n'om qm< me\:l- dioblenmin Lo {omcl(om
H(xd,...,.?th) = F(F“(%‘,...’xh), ceey Ee(x“...,xh)) o thk des
'gomcl.'om F/ E‘,...) F'.e ;
Le Tp_m'mc;?e de Récuasionm qui peamel doblemin da {cMcLJOM
{ H(x,,.., 2 ,0) = F(x,,.., X)),

H(x,,.) xp, x+1) = G(4,..0, %, 3¢, H(x,,.., 2., %)),
« PML{A de F/6

A bitae J'cxew‘ph, rmomtnomas e L {omc‘-\'om H("h}): x+ Y
ot RP:
Len %OMCL\'OMA de Lase SO = x41 & P(x,%,2)= 2 s0mb RP,
dome Lo ‘goMcL{am G(x,9,2) = S(P(xy,2)) = z+1 Lreal amaac
(PM compog"L.'om); el comme {a Pno)'ccl-.'em F'(ac):x ol RP,
H Lrab amass (PM m-’c»am'om);
H(x,0) = F(x),
{ H Ge, yt1) = G(o¢, 3, Hiz,y)).

EmeCC(A:OW\oM\mm g Q& {OMC\'ioM H(x,\a)= x.y el RP/'.MOV\LIUL

WAM' JO«M chacmun des can smcvambs G el RP Al F‘?'Ml:
G(xy)= F(x) , Glx,y)=F(y,%), G(0= Flx,x);

® diromn qm' mene {0MCL:OM F(e) = (F:‘(X), Fl(")) de N dons Nz

ot RP Ac E. 9 2 Fl 'S Aomk/- wombacn quan lNz wl R?—'\Sow\oapl\c.

a “\\; ac’-n';ull'am - lNh.
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Lo dtdimibiom dor fomeliomn RPamombac ‘V"d exinle am Aoms - thpace
de AY(NTIN) domt for ddmmembs clonlonk Lo fomcliomn RP. Dome
d Ci"blt MMA {OMCL:OM "o‘m?« nt/avwa'vc R(n,x) v’ PR Mh;’vmcuu
rom Pu {OMtL'oM RP em . Man oJonn R(x,x)+1 m'eal pos RP}

Aomc ‘QM iemcl;om FOLJM n({&w\/u'vw Mme AOML pM lop"m RP. I.Q

Y a des C;Mlae—twi-rfn pﬁm CXPP\'C;IM, Cowame &. {omc"fom J'ACLUV
MAnn (va\’n. §6).

\.ono.'om mbibise smme mobiom F:\:’:\'M_ J'alaoa: "e\h;/ om V""L wonkion
Gpac N -{omcl«'om Amivambe bt RP:

S, %y Xy b)Y 0 Al 2 adyoniHome :,,eAe)(N’;!N)
appliyund & 2,0 clale y
om moing de b ihru,

1 Alwown .
S¢ omm posre Tk(n,xd,...,:ch,z) = Sk(“""‘l""'x'" E‘(z)l szl))/ oan
2 > (F:‘('l), Fz(z)) ol mn RP- fhw.o«rkf}wu— de IN san \Nz, eloas om
obliewh mmidialement Lo

Théonewme de O {ouwm noawale de Klieme 3&7 o des ?omcl'\'om
k. )Th CYS. Cﬁ;nk RP b leltes me

] (%) = E((/"")(Th(“f"u“v"lu”: o)),
P Mz m'avxi{\'t. “ 2 pls pelil enbien 2 b 1»«.”.

Conolfacae : Les {omcl-‘om \oml:zﬂw namanves (de lNh‘olw IND
nomt celles QY lom pw\— oblemin a ?M“f\. des {omcl\'om de base
a Dracde des Pm’uc;rm de Cowxroz)'nlfom) de nC,“M4|.0M el de Mmone-

WJ\'A&L\' om ,

Lf. pm’mu'pc. de Muk{w;wel'/ulfom ﬁlmk celme QM 'oo\.\md—- J'oLLW|'a

Ao j‘(omc‘—\:om porkielle  H(xy,..., %) = (/sz)(F(xd,...,xk,z\=o) & penhin
Jg la. {omc\\'om PML.':"(, F, (-QoMa‘MQ. F n'u\r PM }OL‘R;/(/AI)(F(XIZ): o)
Al‘bv\i{\'g (/«z)(F(x,z)zo o (Vy<z)(FCs ) # 7)) ).
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Exucice: w«om\au‘. O\Mc \*oM-L Aom—mwuc RE de Nh

wl fa ‘MoJ'cclTou
diun Somr- emsomlile RP de N ket

(MM WJMM"& ol dil RP ‘?oMt‘Mc. Ao
-%omtl'\bm CMOCLJ&;Q":‘ML Q'M").

6. O?é\-%l’m'\.4.

No\'oM ‘Fh ‘e’e/nggw\'pc'. de Lol ) eu fomcL'oM PML';"“ dle ’Nha‘m IN .
PM\MC ‘tu {',!(.,\no\ak Jt (jrk (M.Lé F’G, H/,..) {léme zu {omclfoma
rmlic"m iu’m‘w gme Avnoml welee, {,3,& oo Pon alc'(,’mlt--’om, s
azulquuv\. ul smma QOMCL;OM (lelatbe) ‘Fh—__-aft’ b L b il Com-
Frnan .Qwvu‘ﬂw [omn loml Fe ‘;ki

$(F)= nglJ: &) .

OM vc:u'{,‘._ {&CC&.NM qme AV § et COML\.'MN&/ olenn %

A) é el vmomo bome ¢ F; c E| ‘\.MP"""“" é(F’a) c §(E“);
2) plus gimdialemet 1 F e F e e F g (€N)impliyme $(UR)=UE(R).

I e ndaamlle Lo

Théonewae dan p&v\ !n."o'l‘ _pou"n" J\'Xc. AL § el s °P6L‘~LW\- Combiman
J'— 'gh domn (?h ) doM fo(é)f-i}l{l ét(¢) b Aom P&M PQL.‘L (Pouu €)
\oo\‘n\' ‘{ixc.

Pon cxw‘oh/ Comsidernomn ‘e'OP’M.aLWL P smivank (de ‘}; dara ‘};):
P(F)lo,y) = y+1,
{?(F) (x+,0) = F(x,1) ,
@ (F) (x41,941) = Flox, F(x+1,y)).
I8 wb combimm. Seib A= Fix(F). Coul fa plus pokle {mgt.-m
de ‘;z Vv’u.’\'w&k'.
Ale, %) = y+1,
{ A (x+1,0) = Alx,1),
A (x+14, 3 = AQ(x,A(x+1, ‘3)). (mne dom e Nécunnion )
Col wmewme fa 4%0;/ can tfle b bolade (var qm e domaime de §C(¢)
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temd vers lNz). Om e'arrc"e Lo £0M¢L|'0M_ d’Ackermann .

"

Rt\MMﬂM& «Qt, \'um& ComlﬂMM

Con\cwl.c avee Jom Atma Lorotoa .‘»p
A\. om 'W\Mvnl' Clﬂlﬂpﬂ. 5 Ag ?a. }o?o?oa\d- Joml' Qm OAAVM.LA alb 8.4«. 4°%t'
Jer 0 iF] {C F}.

Dg i biom A oyéu.lwu é de ‘;lk darms 3‘:2 ol dil ﬂt’umSig Al el
Combimam o 4¢ L. {omcl‘-om (rw\.i’\!"&) @(%)(x“ xe) o ‘&, 400 %P

, X
ol nemaasive .

LCW\\ML S ‘OMI\- q,l YN DFVILO«LM Com"n:m» é Jt— ?k AW e;e A.CL
nwwm{; L M Iy J AM”\ GVA ] CXV}LL Al %OMQLOM "OLJL

"LC(MM(VL H(V\) \a.ﬁ&. OIM-o
é([“](k)

¢
= [HE'

CLH’L Con L|'o~\ ML Jumewuw’r AMM!.AMLI-,‘ dh. ML \c’tw&i«.; Con b4
/ P Jaon\wnmt. I ﬂ‘“’ a"?n1m’ - x“,

rRebacchomn ‘{w\nm % de (q.. gomclv‘om Cn] hy 4 Len c.L..pu de cafend de
&)=, 7p).

/ ~ l
xe, e ne s

Théonewe de nemasion (Kleewe): A¢ P esb mam operalesn "Lt’cm.s-'.{
AC» {h AW ¢h p JQM F"C (§) ML AALA {OMCL;OM (PM*‘:‘Q(@) 'L(CW{VC.

Em offib, £ Lemme mombae que $g) = (i1 ® e 1™, o
Gonollaine : B fomcliom d'Ackeamann ol (fobale) néaunaive.

Mai Cpon Dexencice amivamt ) e mrel pes RP.

.El&.‘i‘_ff;" wonbkir que

4) A(X,‘a) > Y% (pw\. mdmeliom Amn 3¢),
2) A(x,?) ol slaiclemend croissambe em x b em Y/
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3) P\(xﬂ,'a) > Alx, y+1)  (por mdamcliom pmn %),
'-)—) A F(x4,.../ XR) ol amme *%ome.lfom RP c\Mt)como‘»u/ efons L exinle
am bl qme  (pomn boml Xy ey XR) 3
Flxy ), ¢R)) € Alm, max(x,, .., xp))
(pon mdamchiom samn F),
5) Alx,x) mieal poe RP.

-:"_ RCP’L{AMQLOM M‘H\'W\:.Lt‘q,u\c.

A”waw; RE'{OI\MMQM lux Cxp«miom wawalm.’w pon agm ru:aeu
Macvambes

A) Fom Voul Po?/mgmc. F(x4,..7>ch) a cocR.'g,'wh doms Z/ ‘?’c%....‘-
biom P, XR) = © el e RE- ‘%omm.h;

2) A @, A @, somt des RE- {omm«.?u) alons o AP, & Ve,
Nomk der RE- {aam“gu (oat A= c.L/ \/:ww)/-

3) A < ol e RE“{O/\,MMPQ) odonn (37&)(( 4 (Vx<y)e Aenl
de RE—%.,«MMPM.

FOM cl\ac‘uo RE- {an,wu.?c. (((x‘“,_.,xh) (o‘oaJ- len VM;*@(M -?.-,eau
pomb 3y, tp) om dil que §(x,,.., xp) €INT| Gex,,.., xR0} ot
“Q'UMVW\ML rupm.'awh/ por~ celle-co.

Tktloltt\.'wst- J'— Ktpﬂ{dwquJ--'o.\. H ‘tm Ao srn - wwum RE de ‘Nk

AOML

Comnx gv,.._- /)o».L n.t\uné)w\rq.eem \omm RE' {Mw‘“& (f(x‘l"'"xh)'

Ew Pk, om veil diabend {ac(etwu—'f quae o emsembles nepadsnlds
pon 2 RE-oammls semb RE. Poan £ Adcipacqme , @ anfpil (gadee
am Bionime do b foame nonmale do Kbeme) de @élablin pomn Lor
anplar de {oMbL\'eM RP. Om procide pan tmducliom 1 c'est (e -
o\fa‘c pomr L., {omcl—l'om P 1 '&wu. & D Pm'uc.'rn de Cemr;oz;:l-'om/

b pomn R \oo\\'\ac\'rc de Récmaniom L 4“““'. drmlibisen Lo {omclvbm
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. de Gsdel ddiwmie cc-apacn.
¢ P

Pon Jff.‘m.‘l.bml (3(9&,&) = ¢ (e, A+ ((+1)d) ou (,(a,&; = L

fule de 2«. dvisiom de a por 2-, Ow wombae f‘u'tcwwl— qame

4) ft alu-pk\c de & ul m.\mc.:erMc. pon mame RE- fon.m»lo./-

2) |omr~ bombe smile {v'm't- a ddemenht de N, &
exale ¢, d €N L, e P(c,d,é)aac pomn (=20,4,,.,n,
(em (”o'-, Aeil Az waex (mn, Ay, Ry )y @y ) b pesoma d=al;
on voil {au’?«.w«m‘r qus pomn (z9,1,..,m, { mombawa 4+ (+1)d
soml pacmitas dewx & denx , dome ¢ el {ownn.' pon £ Pevaree
c&;mu).

L'war?t A\'w-\.P'. Ao Cu {omcl(.m 2™ vnombac comment mbibisen

N {OMCL'OM 3 domn 'S priveipe do ndewaniom

2’::‘} & (Ba.oa,‘ ...a.x‘)(%:‘t A (Viex)(a;, =2a;) A axcy)

4:-> (acd)(p(c,al,o)=1 A (Vc<x)((s(c,d,£+1)=zp(c,cl,e)) A B(e,d, %)= )
& RE':on.w\uQe. .

\.c— H\:’o:\:wu. de ﬂ.tyau,)widn'ou Comdmit {ac\'fgww} o w\e;ae\mc
a'(mt.ovaﬂ»Molv de Gosdel . Diromn g’ mme theonie el anaez sg""l"
A om pwlo y démombrer des {oamufu Amivembes (om ame imlen-
pn.‘.\vn.\»u‘om de c«.@u—u‘.):

(Wx)(x+4 #£0), (Vx#0) (34 (= y+1), (Vxy) (x41= y+1 —> x=y),

(Vo) (340 =), (Ve y)(X+(y+1) = (x+y)+1),

(Vx) (x.0 = 0), (an) (2. (y+41) = XY+ x).
Om r:wL '""’"‘\"“"'/FM' wdmebiom san @, gme o< T wl ossez {onl;/
odoan pomr bomble RE- 0&."\»?& c((x“...,xh) el boml hA"")“hétN:

WrgunR) —> ThEEM,,,np) (o2 b = démenb).

De pew;, o a A?'f/m\o?c'c-.h'om mveue A 1»’”«\ Amppese qume T F..m‘eh.
o= wodife (c-a-d wedife dombt Lo slamclumac der emlican el
itowonphe & N c.2-d s wmodile domb fs embivn semb abamdond ).
Noamsr dinosmn 1M'Mvu- beoae el c°mv¢usee¢. A Jh el asae ‘?ontl-) A<

e & smn w-wodile o ac Y'wuw.t.&. de Aty axiowmaen (AOMQ. PV VN
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Demsenmalle de 2es Hhéondwmes) wl RE,

‘T‘\t,o'\c:wu- J'\'mtomp«.‘vulu (G;J‘!Q) 3 AU (((x) wl ame RE-‘Eenm»l;

ﬂu( r\trnéxwle AAAA MMM RE wom nc,&.uut'g , ofoan pomn bom be Hu:a.u'g
T comvenalle L exule mm melN el quae
ThH oy & THIAEM (o2 1= wowm).

Stvmom {V\“l'{(“)& cormeiderait avee I TEIEemY et acnail deme
RE/ e~ Com'rasd.'(lvp'om avee ?'krroux;u. Cluu- {'\nl({('m)} ml RE mowm

, -
ntmtg .

Le Klonewne de n.tvl\tldow‘*a.ln'om o b ‘{ontemwj' awmelione ., En ’USO/
™. .Dawia ~ CO“thLM'\G/ Ame ”o»l«. RE— gonw\.upc (((x" ’xh) ot

e1uu.VJw"e a mme ‘fouw\».@v. Jlope\sm fewwe  C-2-dde fu. {o’\wu.
(334 "}2)(?( A1 7%k /38)'°) om P wl uw PJ)"‘“‘"‘"— N c“?
{\(lw‘% Jw Z. Em nq»Aawvm.vs" por wJMcL 10 Amn (P, Ow voit
%«ci?z»u«* qpme cette CohjchM& e nedait & Ao smivamlbet tombe RE-
{Mmﬂc_ de {on.ww (V2 <9)(3Ya, s 30V P (Rasees Xps 2, 34005 3p) = ©) wh
dpivadonbe & e fonmmde diophambienne . En 4961, M. Davis, H. Put-
wawm ot T Robomsom namenaienk cele dunicre comjectmne & Do pancvambe:
Le at\srpw de fo {omel om x¥ ul m.rm.swLo.“c. pon ame {ol\mudet dio-
phombicmae . Enfun, cle-cc dul ddmombale pan Ya. Mabijacevil o 4910
0w alormlbil aiwmsi an

Théoaewe de uq'ou’SwLuL\’om cl;opLMLr'em—w. (M. Davis, H.Pubnawm, T.
Ro\:iv\um,Yu.Mal‘C"ueviz): Len nomn~ emsewabln RE de lNh Aoml

cemxt ‘MC Aolv& Iu.\uu:sw\-alrtm pon ame ion.w»gc. o\-'opl\ml-u'ev\nc.

(3»4 C)(F( ~--,7Ck,‘3.|,...,7e).-.o),

(Puwv'- v vora Ce c\napih;ﬂ de VY. Ma.n(v\/ A commse vm m.d»lm*l.:t.ﬂ
‘?vaic, Spm'nau:.).

(ew.ouuilu. : Qe 40': Pnofret\w\c de l"lieeva o e AoQML\'OM Mt/ao.‘--'vt- sl M‘)f
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o \”” A'Jaoa'\}gw\; voM Jtlll'lm AV Aama t./ﬁua.lu'o»«. olfov&mdu‘cnu; (7

r!uln'wlu VMl‘ue(M a  Ame Aolubiom domns IN omn FM

Exercices :

A) PN PML{". A u\e'oq.c\wr. de RQPA(AWLO-L:.M JtBPLML.'ath) a.w\:?-'onm.
20. \“\{M;.VM. A' l;ntomrul«u J.t. .

2) mombavn qpe boul Aomn-tmsemlle RE de IN F""L ae waeltae goms
Qe gon;w... ;_P(x,»’,...) \ x,Y,. € IN} NN (o ‘9 = P°?7""¢““ > Coo.e.
«‘u'n'wla dome Z).
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